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This paper proposes an analytical-numerical approach to solving the spatial prob-
lem of the theory of elasticity for the layer with a circular cylindrical tube. A cylin-
drical empty thick-walled tube is located inside the layer parallel to its surfaces and 
is rigidly fixed to it. It is necessary to investigate the stress-strain state of the elastic 
bodies of both the layer and tube. Stresses are given on the inner surface of the tube, 
and displacements, on the boundaries of the layer. The solution to the spatial prob-
lem of the theory of elasticity is obtained by the generalized Fourier method with 
respect to the system of Lamé's equations in the cylindrical coordinates associated 
with the tube and the Cartesian coordinates associated with the boundaries of the 
layer. Infinite systems of linear algebraic equations obtained as a result of satisfying 
the boundary and conjugation conditions are solved by the truncation method. As a 
result, displacements and stresses are obtained at various points of the elastic layer 
and elastic tube. Due to the selected truncation parameter for the given geometrical 
characteristics, the satisfaction of boundary conditions has been brought to 10-3. An 
analysis of the stress-strain state for the elastic body at different thicknesses of the 
tube, as well as at different distances from the tube to the boundaries of the layer is 
conducted. Graphs of normal and tangential stresses at the boundary of the tube and 
layer, as well as normal stresses on the inner surface of the tube are presented. 
These stress graphs indicate that as the tube approaches the upper boundary of the 
layer, the stresses in the elastic bodies of both the layer and tube increase, and with 
decreasing tube thickness, the stresses in the elastic body of the layer decrease, 
growing in the elastic body of the tube. The proposed method can be used to calcu-
late structures and parts, whose design schemes coincide with the formulation of the 
problem of this paper. The analysis of the stress state can be used to select the geo-
metrical parameters of the designed structure, and the stress graph at the boundary 
of the tube and layer can be used to analyze the strength of the joint. 
Keywords: thick-walled tube in a layer, Lamé's equations, generalized Fourier method. 
Introduction 
When designing composite structures and components whose calculation scheme is the layer with a 
built-in longitudinal circular tube, it is necessary to have an idea of the stress-strain state of the layer and 
tubes, as well as the stress in their joint. To achieve this, it is required that there be a method of calculation 
that would give an opportunity to obtain the result with the necessary accuracy. 
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In the majority of publications, a plate or layer with a transverse circular cavity or inclusion [1, 2] is con-
sidered. However, the methods used therein can not be applied to the layer with a longitudinal cavity or inclusion. 
In [3−5], stationary problems of the wave diffraction and determination of stresses are considered for 
the layer with a longitudinal cylindrical cavity or inclusion on the basis of the Fourier decomposition 
method. The problem for the layer with a circular cavity perpendicular to the boundaries of the layer, which 
is solved with the help of the method of superposition of general solutions, is considered in [6]. 
In [7], with the help of the image method, the boundary value problem of the diffraction of symmetric 
normal waves of the longitudinal displacement for the layer with a cylindrical cavity or inclusion is solved. 
In the work mentioned above, an analytic-numerical approach is used, which is based on the general-
ized Fourier method [8]. On the basis of this method, problems have been solved for a half-space with a cy-
lindrical cavity or inclusion [9-13], as well as for a cylinder with cylindrical inclusions [14]. 
Problem Formulation  
In the elastic homogeneous layer, there is a circular cylindrical thick-walled tube with an external ra-
dius R1 and internal radius R2 (Fig. 1). 
The tube will be considered in the cylindrical coordinate system (ρ, φ, z), the boundary of the layer 
in the Cartesian coordinate system (x, y, z), which is equally oriented and connected with the tube coordinate  
system (Fig. 1). The upper boundary of the layer is located at the 
distance y=h, and the lower one, at the distance y= h~− . It is neces-
sary to find a solution to the Lamé equation on condition that at the 
boundaries of the layer, the displacements ( ) ( )zxUzxU hhy ,, 01 rr == , 
( ) ( )zxUzxU hhy ,, 0~~1
rr
=
−=
 are given, on the inner surface of the tube, 
the stresses ( ) ( )zFzUF RR ,, 02 2 ϕ=ϕ =ρ
rr
, and at the boundary of the 
tube and layer,  the conjugation conditions 
( ) ( )
11
,, 21 RR zUzU =ρ=ρ ϕ=ϕ
rr
,    (1) 
( ) ( )
11
,, 21 RR zUFzUF =ρ=ρ ϕ=ϕ
rr
,   (2) 
 
Fig. 1. Layer with a cylindrical tube 
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are known functions; ( ) ( )3,2,1, =je kjr  are the unit vectors of the Cartesian (k=1) and cylindrical (k=2) coor-
dinate systems; σ, G are elastic constants. 
All the given vectors and functions will be considered fast falling to zero at great distances from the 
origin of the z coordinate for the tube and the x and z coordinates for the boundaries of the layer. 
Solving the Problem 
Choose the basic solutions to the Lamé equation for the specified coordinate systems in the form [8] 
 
( ) ( ) ( )
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where σ is the Poisson factor; ( )xIm , ( )xKm  are the modified Bessel functions; mkmk SR ,, , rr , k=1, 2, 3 are, 
respectively, the internal and external solutions to the Lamé equation for the cylinder; ( ) ( )+− kk uu
rr
,  are the so-
lutions to the Lamé equation for the layer. 
The solution to the problem will be presented in the form 
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( )( )µλ+ ,;,, zyxukr  and ( )( )µλ− ,;,, zyxukr  are the basic solutions given by 
formulas (4), and the unknown functions ( )µλ,kH , ( )µλ,~kH , ( )λmkB , , ( )λmkA , , and ( )λmkA ,~  must be found 
from the boundary conditions (3) and conjugation conditions (1) and (2). 
To switch between the coordinate systems (Fig. 1), we use formulas 
– for the transition from the solutions mkS ,
r
of the cylindrical coordinate system to the solutions for 
the layer ( )−ku
r
 (at y>0) and ( )+ku
r
 (at y<0) 
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where 22 µ+λ=γ , ( )
λ
γµ
=µλω m
m
, , K,2,1,0 ±±=m  ; 
– for the transition from the solutions ( )+ku
r
 and ( )−ku
r
 for the layer to the solutions mkR ,
r
 of the cylin-
drical coordinate system 
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 are the unit  vectors in the cylindrical coordinate system. 
To satisfy the boundary conditions at the boundaries of the layer, y=h and y= h~− , using the transi-
tion formulas (7), we rewrite the vectors mkS ,
r
 in (5) in the Cartesian coordinate system through using the 
basic solutions ( )−ku
r
 and ( )+ku
r
, respectively.  We then equate the resulting vectors (at y=h and at y= h~− ) to the 
given vectors ( )zxU h ,0r  and ( )zxU h ,0~
r
, represented by the double Fourier integral. 
The resulting system of 6 equations has the determinant 
( )( )
4
22222 sh14
λ
⋅σ−−⋅γ⋅⋅ − xxee xx
 
where ( )hhx ~+γ= , σ−=σ 43 . 
From the obtained equations we obtain the functions ( )µλ,kH  and ( )µλ,~kH  through ( )λmkB , . 
To take into account the conjugation conditions (1), we decompose the basic solutions ( )±kur  in (5) by 
means of (8), turning them into the  solutions mkR ,
r
. We then equate ρ=R1 therein. This will satisfy condition (1). 
To take into account the conjugation conditions (2), we obtain the vectors 1UF
r
 and 2UF
r
 from solution 
(6) and the solution decomposed through ( )±ku
r
 (5). We then equate ρ=R1 therein. This will satisfy condition (2). 
These two conditions give 6 equations, connecting all the unknowns in equations (5), (6). 
Another three equations are given by the condition on the inner surface of the tube. To satisfy the 
boundary conditions on this surface, we apply the stress operator to the right-hand side of (6), and equate (at 
ρ=R2) to ( )zFR ,0 ϕr  given by both the integral and Fourier series. 
From this system of nine equations, we will exclude the functions ( )µλ,kH  and ( )µλ,~kH  previously 
obtained through ( )λmkB , . Having gotten rid of the series m and integrals λ, we obtain a system of nine infi-
nite systems of linear algebraic equations for identifying the unknowns ( )λmkA , , ( )λmkA ,~ , and ( )λmkB , . 
To the obtained infinite systems of equations, we will apply the truncation method. The numerical 
studies have shown that the determinant of the truncated system does not turn to zero at any m, for 0≤m≤10, 
which is why this system of equations has a unique solution. 
Having solved this system, we will find the unknowns ( )λmkA , , ( )λmkA ,~ , and ( )λmkB , . 
We will substitute the functions ( )λmkB ,  obtained from the infinite system of equations into 
( )µλ,kH  and ( )µλ,~kH . This will identify all unknown tasks. 
Numerical Studies of Stressed State 
We have a layer with a longitudinal cylindrical tube (Fig. 1). Both the layer and tube are made of 
isotropic materials: for the layer, Poisson's coefficient σ1=0.38, the modulus of elasticity E1=1700 N/mm2; 
for the tube, Poisson's coefficient σ2=0.21, the modulus of elasticity E2=200 000 N/mm2. The outer radius of 
the tube R1=10 mm. The internal one was calculated in two variants, namely R2=6 mm and R2=8 mm. The 
thickness of the layer hh ~+ =60 mm. The distance from the upper boundary of the layer to the center of the 
tube was calculated in two variants, namely h=30 mm and h=20 mm. 
At the upper boundary of the layer, the displacements ( )( ) ( ) ( ) 2222228 101010, −− +⋅+⋅−= xzzxU hy , 
( ) ( ) 0== hzhx UU  are given; at the lower boundary of the layer, the  displacements ( ) ( ) ( ) 0 
~~~
===
h
z
h
y
h
x UUU ; on 
the inner surface of the tube, the stresses ( ) ( ) ( ) 0=τ=τ=σ ρρϕρ pzpp . 
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A finite system of equations of order m=10 was solved. The calculations of integrals were performed 
using Filon's quadrature formulas (for oscillating functions) and Simpson's quadrature formulas (for non-
oscillating functions). The accuracy of the implementation of the boundary conditions for the indicated val-
ues of geometric parameters was 10-3. 
At the upper boundary of the layer, at z=0, the maximum stress is the following: at h=30 mm, 
R2=6 mm, ρσ = -246.42 N/mm
2; at h=20 mm, R2=6 mm, ρσ = -283.29 N/mm
2; at h=30 mm, R2=8 mm 
ρσ = 244.71 N/mm
2; at h=20 mm, R2=8 mm, ρσ = -272.25 N/mm2. This indicates that with the approach of 
the cylindrical tube to the boundary of the layer, the stresses ρσ  on the surface of the layer increase, and with 
a decrease in the thickness of the tube, these stresses decrease. 
Fig. 2 shows the stresses (in N/mm2 ) at the boundary of the tube and  layer in the plane z=0 in the elastic 
body of the layer. The stresses ρσ , ϕσ  at 3pi/4<φ<pi/4 and zρτ  at φ>pi have small values, so on the graph they are 
not shown. The stress graph zσ  has the same form as the stress graph ϕσ , and differs little in values. 
The stresses ρσ , ϕσ  at the boundary of the tube and layer (Fig. 2, a, b) increase with the approach of 
the tube to the upper boundary of the layer (line 1 goes into line 2, line 3 goes into line 4). As the thickness 
of the tube decreases, the stresses decrease (line 1 goes into line 3, line 2 goes into line 4). The tangential 
stresses zρτ  at the boundary of the tube and layer (Fig. 2, c) are almost independent of the thickness of the 
tube (on the graph, lines 1 and 3, and lines 2 and 4 coincide), while with the tube approaching the upper 
boundary of the layer, these stresses increase (line 1 goes into line 2). 
Fig. 3 shows the stresses (in 
N/mm2) at the boundary of the tube 
and layer in the plane z=0 in the 
elastic body of the tube. They differ 
significantly from the stresses in the 
elastic body of the layer because of 
the difference in the materials of 
which the layer and tube are made. 
With the approach of the 
tube to the upper boundary of the 
layer or with a decrease in the 
thickness of the tube, the stresses 
ϕσ  on the outer surface of the tube 
(Fig. 3, a) increase. 
The stresses zσ  in the upper 
part of the tube (Fig. 3, b, φ=0…pi) 
change with the same principle as the 
stresses ϕσ . In the lower part of the 
tube, with a decrease in its thickness, 
the stresses zσ  decrease (line 1 goes 
into line 3, line 2 goes into line 4). 
Fig. 4 shows the stresses 
ϕσ  and zσ  (in N/mm2) on the inner 
surface of the tube in the plane z=0. 
The stresses ϕσ  (Fig. 4, a) 
along the whole radius, in compari-
son with those on the outer surface 
of the tube, have opposite sign val-
   
a   b   c 
Fig. 2. Stresses at the boundary of the tube and layer  
(in the elastic body of the layer): 
a – ρσ ; b – ϕσ ; c – zρτ ; 
1 – at h=30 mm, R2=6 mm; 2 – at h=20 mm, R2=6 mm; 
3 – at h=30 mm, R2=8 mm; 4 – at h=20 mm, R2=8 mm 
  
a    b 
Fig. 3. Stresses at the boundary of the tube and layer  
(in the elastic body of the tube): 
a – ϕσ ; b – zσ ;  
1 – at h=30 mm, R2=6 mm; 2 – at h=20 mm, R2=6 mm;  
3 – at h=30 mm, R2=8 mm; 4 – at h=20 mm, R2=8 mm 
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ues. The stresses zσ  (Fig. 4, b), in 
comparison with those on the outer 
surface, in the upper part of the tube, 
have opposite sign values, and in the 
lower part of the tube increase with a 
decrease in the thickness of the tube 
or the approach of the tube to the 
upper boundary. 
With the approach of the 
tube to the upper boundary of the 
layer, or with a decrease in the 
thickness of the tube, the stresses 
ϕσ  and zσ  increase. 
Fig. 5 shows the stresses 
ρσ , ϕσ , and zρτ  (in N/mm2) along 
the z axis at the boundary of the tube 
and layer (in the elastic body of the 
layer) at φ=pi/2. The stress graph zσ  
has the same form as the stress graph 
ϕσ , and differs little in values. 
Figs. 5, a and 5, b clearly 
show that with the approach of the 
tube to the upper boundary of the 
layer, the stresses ρσ  and ϕσ  along 
the z axis, in addition to negative 
values, also have positive values. 
The stresses zρτ  at the boundary of 
the tube and layer (Fig. 5) do not 
depend on the thickness of the tube 
(line 3 coincides with line 1, line 4 
coincides with line 2). 
Fig. 6 shows the stresses ϕσ  
and zσ  (in N/mm2) along the z axis at 
the boundary of the tube and layer (in 
the elastic body of the tube) at φ=pi/2. 
Fig. 6, a clearly shows that 
the stresses ϕσ  at the boundary of 
the tube and layer in the elastic body 
of the tube, regardless of the distance 
from the tube to the upper boundary 
of the layer, constantly have negative 
values. The stresses zσ  along the z 
axis (Fig. 6, b), irrespective of both   
  
а    б 
Fig. 4. Stresses on the inner surface of the tube: 
а – ϕσ ; b – zσ ; 
1 – at h=30 mm, R2=6 mm; 2 – at h=20 mm, R2=6 mm;  
3 – at h=30 mm, R2=8 mm; 4 – at h=20 mm, R2=8 mm 
   
a    b   c 
Fig. 5. Stresses along the z axis at the boundary of the tube and layer  
(in the elastic body of the layer): 
a – ρσ ; b – ϕσ ; c – zρτ ;  
1 – at h=30 mm, R2=6 mm; 2 – at h=20 mm, R2=6 mm;  
3 – at h=30 mm, R2=8 mm; 4 – at h=20 mm, R2=8 mm 
  
a    b 
Fig. 6. Stresses along the z-axis at the boundary of the tube and layer 
 (in the elastic body of the tube): 
a – ϕσ ; b – zσ ;  
1 – at h=30 mm, R2=6 mm; 2 – at h=20 mm, R2=6 mm;  
3 – at h=30 mm, R2=8 mm; 4 – at h=20 mm, R2=8 mm 
the distance of the tube to the upper boundary of the layer and the thickness of the tube, in addition to negative 
values, also have positive ones that slowly decrease along the z axis. 
Fig. 7 shows the stresses ϕσ  and zσ (in N/mm2) along the z axis on the inner surface of the tube at 
φ=pi/2. 
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The stresses ϕσ  on the inner 
surface of the tube along the z axis 
(Fig. 7, a), regardless of the thick-
ness of the tube and distance from 
the tube to the upper boundary of the 
layer, are constantly of positive 
value. The stresses zσ  on the same 
surface (Fig. 7, b), with a decrease in 
the thickness of the tube, not only 
increase in  value and have the ex-
pressed negative values, but also 
slowly decrease along the z axis. 
Conclusions 
  
a    b 
Fig. 7. Stresses along the z axis on the inner surface of the tube: 
a – ϕσ ; b – zσ ;  
1 – at h=30 mm, R2=6 mm; 2 – at h=20 mm, R2=6 mm;  
3 – at h=30 mm, R2=8 mm; 4 – at h=20 mm, R2=8 mm 
With the help of the generalized Fourier method, we developed an analytic-numerical method for 
calculating the spatial mixed problem of the theory of elasticity (with the conditions of the first and second 
basic problems at the boundaries) for the layer with a longitudinal, thick-walled tube therein. The problem is 
reduced to a system of infinite systems of linear algebraic equations. 
The equation is solved by the method of reduction to a finite system. 
The graphs given present the distribution of stresses on the surfaces of the layer and tube, depending 
on both the thickness of the tube and distance between the upper boundary of the layer and center of the tube. 
As a result, the influence of these geometric conditions on the stress-strain state of the layer and tube on the 
invariable elastic material constants is analyzed. 
The stresses ρσ , zρτ  obtained at the boundary of the tube and layer can be used to calculate the 
strength of the joint. 
In comparison with works [3–7], the proposed method allows us to obtain the exact solution to the 
problem in the spatial variant, and, in comparison with [9–15], take into account new boundary surfaces, 
with the tube and layer junction conditions added to the boundary conditions.  
The numerical analysis of the stress-strain state of the layer and the tube therein shows that: 
– with the approach of the tube to the upper boundary of the layer, the stresses in the elastic bodies 
of the layer and tube increase; 
– with a decrease in the thickness of the tube, the stresses in the elastic body of the layer decrease, 
while those in the elastic body of the tube increase; 
– with a decrease in the thickness of the tube, the normal stresses along the z-axis at the boundary of 
the tube and layer (in the elastic body of the layer), in addition to negative values, also have positive values. 
The numerical studies of the algebraic system for the layer with a longitudinal tube give us an oppor-
tunity to assert that its solution can be found with any degree of accuracy by the method of reduction. This is 
confirmed by the high accuracy of the implementation of the boundary conditions. For the geometric pa-
rameters of the solved problem at m=10, the boundary conditions are performed with an accuracy of 10-3. 
With increasing order of the system, the accuracy of calculations will increase. 
To verify the validity of the method, the tube was replaced with a cavity, the lower boundary of the 
layer was moved a great distance (thus modeling the cavity in a half-space), and in this formulation the re-
sults were compared with work [15]. After this, the upper boundary of the layer was moved a great distance 
(which modeled the cavity in space and coincided with the statement of the problem [16]. Convergence with 
known results and a high accuracy of the implementation of boundary conditions indicate the reliability of 
the method and the results obtained. 
The resulting graphs can be used to evaluate the stress state in constructions with similar conditions. 
However, it should be noted that the method does not allow the problem to be solved when the 
boundaries of elastic bodies touch or intersect. 
A further development of this direction is possible in increasing the number of cylindrical cavities 
and tubes or in calculating the problem with other boundary conditions. 
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Дослідження напружено-деформованого стану шару з повздовжньою циліндричною 
товстостінною трубою та заданими на межах шару переміщеннями  
Мірошніков В. Ю.  
Харківський національний університет будівництва та архітектури, 61002, Україна, м. Харків, вул. Сумська, 40 
ДИНАМІКА ТА МІЦНІСТЬ МАШИН 
ISSN 0131–2928. Проблеми машинобудування, 2019, Т. 22, № 2 52 
Запропоновано аналітико-числовий підхід до розв’язання просторової задачі теорії пружності для шару 
з круговою циліндричною трубою. Циліндрична порожня товстостінна труба розташована всередині шару па-
ралельно його поверхням та жорстко з ним скріплена. Необхідно дослідити напружено-деформований стан 
пружних тіл шару та труби. На внутрішній поверхні труби задані напруження, на межах шару – переміщення. 
Розв’язок просторової задачі теорії пружності отримано узагальненим методом Фур’є стосовно системи рів-
нянь Ламе в циліндричних координатах, пов’язаних із трубою, та в декартових координатах, пов’язаних із ме-
жами шару. Нескінченні системи лінійних алгебраїчних рівнянь, які отримані в результаті задовольняння гранич-
них умов та умов сполучення, розв’язано методом зрізання. В результаті отримані переміщення та напруження 
в різних точках пружного шару та пружної труби. Завдяки підібраному параметру зрізання для заданих геомет-
ричних характеристик виконання граничних умов доведено до 10-3. Проведено аналіз напружено-деформованого 
стану тіла за різних товщин труби, а також за різних відстаней від труби до меж шару. Подані графіки норма-
льних та дотичних напружень на межі труби та шару, а також нормальні напруження на внутрішній поверхні 
труби. Вказані графіки напружень свідчать про те, що у разі наближення труби до верхньої межі шару напру-
ження в тілі шару та в тілі труби зростають, у разі зменшення товщини труби напруження в тілі шару змен-
шуються, а в тілі труби зростають. Запропонований метод може використовуватись для розрахунку конструк-
цій та деталей, розрахункові схеми яких співпадають з постановкою задачі даної роботи. Наведений аналіз на-
пруженого стану може бути використаний для підбору геометричних параметрів конструкції, що проектуєть-
ся, а графік напружень на межі труби та шару – для аналізу міцності з’єднання. 
Ключові слова: товстостінна труба в шарі, рівняння Ламе, узагальнений метод Фур’є.  
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